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Model Order Reduction by Selective Sensitivity
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Many industrial structures are represented by models with a large number of degrees of freedom, thus making
their use complex and costly. Model order reduction alleviates this problem by elaborating lower-dimensional

models that satisfy some properties of the re® ned model. We present a model order reduction procedure based
on the concept of selective sensitivity. This reduction method has the property of preserving energies and static or

dynamic behaviors of the re® ned model in the reduced model while preserving the essence of its topology.

Nomenclature
K 2 RN £ N = stiffness matrix of re® ned model
ÄK 2 Rm £ m = stiffness matrix of reduced model

Ki , Mi 2 RN £ N = submodel connectivity matrices
ki , m i 2 R = model parameters
M 2 R N £ N = mass matrix of re® ned model
ÄM 2 Rm £ m = mass matrix of reduced model

P 2 RN £ m = projection matrix
H = matrix of selective vectors
h 2 RN = selective vector
W = matrix of deselective vectors
( )T = transpose operator

I. Introduction

T HE design and optimization of industrial components often
requires the construction of predictive mathematical mod-

els. The presence of complex geometries, materials, and assem-
bly techniquesÐnot to mention modern automated CAD toolsÐ
inevitablypushestheengineerto employprogressively® nermeshes,
which can lead to very high models orders. This situation can se-
riously handicap the implementation of the model in diverse ap-
plications because of the high manipulation costs such as memory
requirements and calculation times.

Model reduction strategies in linear elastodynamics reduce the
order of the model to a usable size while preserving a certain set
of behavior characteristics necessary to ensure the success of the
end use. Two broad objectives for model reduction typically can be
distinguished. The ® rst objective is the need to calculate the out-
put behavior (eigensolutionsor particular solutions) of a model. In
this case, it is generally assumed that the only prior information
available concerning the model is its associated state matrices. The
most common examples of this brand of model reduction are the
static or dynamic Guyan condensations.1 The second objectivecon-
cerns the need for a relatively low-order dynamic stiffness matrix
of the model for use in general design, prediction,and optimization
applications, for example, dynamic substructuring, model correc-
tion, and approximate reanalysis. Although the Guyan method can
be employed directly in this context,methods using additionalprior
information(e.g.,a Ritz subbasisformedofmodesor staticdeforma-
tions of the re® ned model) are commonly employed. Now, classical
examplesof this approachincludeCraig±Bampton,2 MacNeal,3 and
Rubin,4 to cite just a few.
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In general, both classes of reduction methods retain a restricted
set of model degrees of freedom, which may be either physical,
generalized, or a mixture of both. The primary dif® culty in apply-
ing these procedures in practice is to understand which coordinate
degrees of freedom (physical and/or generalized) must be retained
to ensure a suf® ciently precise representation of the re® ned model
behavior. An additional and often overlooked inconvenienceis that
the topologicalproperties of the re® ned model are generally lost in
the reducedmodel, that is, the contributionsof thedesignparameters
affecting the unretained physical degrees of freedom are generally
spread over the entire set of retained coordinates.

A new model reduction strategy is proposed that has the dis-
tinctive feature of preserving certain topological properties of the
re® ned model while preservinga de® ned set of spatial and dynamic
characteristics.This procedure is based on the concept of selective
sensitivity,5±8 whose orthogonality properties are used to quantify
the natural local clustering of model parameter subgroups induced
by the connectivityor proximity properties that are characteristicof
linear elastic systems.

The propertiesof this model reductionprocedureare describedin
Sec. II. A speci® c implementationof the strategy is outlined in Sec.
III, and an illustrativeexample is presentedin Sec. IV. The appendix
contains formal de® nitions and proofs of the relevant theorems.

II. Model Order Reduction Properties
In this section we de® ne what we mean by a model order reduc-

tion, and we discuss in qualitative terms the physical properties that
such a transformation should have. The precise mathematical basis
of the selectively sensitive model order reduction proposed here is
developed in the Appendix.

Consider a conservative linear elastic system whose N -dimen-
sional re® ned model is characterizedby the stiffness and mass ma-
trices K and M . The N £ N dynamic stiffness matrix is given by

Z( k ) = K ¡ k M (1)

We assume that Z ( k ) can be expressed as a linear function of the
model parameters:

Z( k ) =
Rk

Si = 1

ki K i ¡ k
Rm

S i = 1

m i Mi (2)

where the real symmetric matrices K i , Mi depend only on the con-
nectivity of the ® nite element representationof the structure and ki ,
m i are scalarmodelparameters: local stiffnessesand inertias.Repre-
sentation(2) is referredto as the submodelingpropertyof the model.

We de® ne the stiffness and mass matrices of a model of reduced
dimension in terms of the re® ned-model matrices as

ÄK = P T K P ÄM = PT M P (3)
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where P has fewer columns than rows. The transformationmatrix P
is de® ned by a systematic procedure in Sec. III and its application is
illustrated in Sec. IV. This transformation invests the reduced-order
system with a particular relationship to the re® ned model, Eq. (2),
which we describe.

The most important propertyof the selectivelysensitive reduced-
order model is topological localization, de® ned rigorously in de® -
nition 4 of the appendix. Here we describe its intuitive meaning.

A model order reductionhas the propertyof topological localiza-
tion if the variations of the reduced stiffness matrix ÄK with respect
to the re® ned-model stiffness parameters ki are independent in the
sense of being topologicallynonoverlapping.That is, variation of a
stiffnessparameterki in the re® nedmodelcausesvariationof param-
eters in the reduced model that are unaffected by any other re® ned
parameter. This establishes a unique correspondence between the
physical model parameters of the reduced and re® ned models. This
is important in situations where analyses performed on the reduced
model are used to suggest physical properties or design changes for
the re® ned model.

The property of topological localization is achieved mathemati-
cally by requiring that the model order reduction satisfy Eq. (A5).
In proposition 2, this is proven to hold for the selectively sensitive
model order reductionand only for such procedures.What Eq. (A5)
states is that the stiffness parameters can be organized into groups
in such a way that each group of parameters populates a unique
part of the stiffness matrix. Consequently, the property of topologi-
cal localization means that if one parameter of the re® ned model
is modi® ed, then the physical parameters of the reduced model
that are affected by this change are easily localized in the stiffness
matrix.

Proposition 3 establishes a relationship between the parameters
of the re® ned model and the static responses of the reduced model.
In particular, Eqs. (A21) and (A22) demonstrate that the static re-
sponsesys of the reducedmodeldependin asimplemanneron the se-
lectively sensitizedstiffnessparameters,which appear in yS

s (k j , f ).
This I/O relation depends explicitly on the property of topological
localization and clearly is not characteristic of either the re® ned
model or a general reduction transformation. This property allows
a particularly cost-effective procedure for choosing the stiffnesses
to obtain desired static responses.

Finally, propositions 4±6 are more general and concern any re-
duction strategy based on a full rank linear transformationbetween
the re® ned and the reduced model displacements, as de® ned in Eq.
(3). They demonstrate that the static and eigenbehaviors of the re-
® ned model are preserved if and only if the corresponding output
vectors can be represented on the Ritz basis P.

III. Model Order Reduction Algorithm
The model orderreductionof the high-dimensionalre® ned model

to the low-dimensional reduced model by the selective sensitivity
procedure can be implemented in various ways. One approach is
described in the following steps.

Step 1) Select domains of the re® ned model that are to be decou-
pled in the reducedmodel.Eachof thesedomains D j ( j = 1, . . . , p)
is speci® ed by a set containingthe indicesof the stiffnessparameters
in the re® ned model we would like to reduce to one singleparameter
or, at most, a few parameters in the reduced model.

Step 2) For each submodel domain D j , ® nd a collection of all d j

linearly independent selective vectors h satisfying the property

K i h = {0 i /2 D j

not 0 i 2 D j

(4)

This is the basic property upon which selective sensitivity is based
and the existence of such vectors is an important property of
linear elastic systems as described elsewhere.6 , 8 For the j th do-
main, we calculate all d j linearly independent selective vectors
for the associated stiffness matrices and store them in a matrix
ÄH j 2 R N £ d j . These p matrices are grouped in a single matrix
ÄH = [ ÄH 1 ¢ ¢ ¢ ÄH p ] 2 R N £ S j d j .

Step 3) If the columns of ÄH do not span the entire space, which
will usually be the case, we extend the basis of selectivevectors.We
de® ne deselective vectors, which are grouped in the matrix ÄW , and

ÄW is orthogonal to the stiffness matrices associated to the domains
D1 , . . . , Dp:

K i
ÄW = 0 i 2 D j , j = 1, . . . , p (5)

Step 4) The columns of ÄH and ÄW form the initial basis of our
model reduction, and they are combined in a single matrix as

ÄP = [ ÄH j ÄW ] (6)

This matrix ÄP is a full column rank rectangularmatrix.
Step 5) We compile a matrix Y (m ) whose columns are dynamic

or static responsesof the re® ned model, which we want to preserve.
Mode shape vectors may be included among the columns of Y (m ) .
We search for the projectionmatrix ÄC = [ ÄC T

H 1 ¢ ¢ ¢ ÄCT
H p j ÄC T

W ]T of

Y (m) on the basis ÄP , which minimizes the error e in the relation

Y (m)
= ÄP ÄC + e

= S j

ÄH j ÄC H j + ÄW ÄC W + e (7)

Because of the orthogonality property, Eqs. (4) and (5), we see by
multiplying on the left by K j that each submatrix ÄC H j can be inde-
pendently calculated from

K j Y
(m )

= K j
ÄH j ÄC H j (8)

The Moore±Penrose pseudoinverseof K j
ÄH j multiplied by K j Y

(m)

gives us a minimum norm estimate for ÄC H j .
Step 6) Singular value decompositions are then applied on each

component of the right-hand side of Eq. (7) to ® nd the vectors that
are the most important in representing the columns of Y (m) . The
singular value decomposition of ÄH j ÄC H j leads to matrices U j , R j ,
and V j , which satisfy

ÄH j ÄC H j = U j R j V
T
j (9)

where R j is a diagonalmatrix and U j , V j are unitary matrices.From
this decomposition,we select the columns of U j that are associated
with the greatest singular values, and store them in a matrix H j . The
same operation is performed to choose the best deselective vectors
fromthe singularvaluedecompositionof ÄW ÄC W . Thesevectorsde® ne
the matrix W .

The choice of the number of vectors to retain dependson a ® gure
of merit based on the relation between the representation error of
Y (m) on H j or W and the truncation error on singular values.9

Step 7) All of the vectors in H 1 to H p and W are grouped in a
matrix P = [H j W ], which now de® nes the projection matrix in
the model order reduction by selective sensitivity.

Step 8) Finally, the reduced model is constructed by projecting
on P the stiffness and mass matrices of the re® ned model, as shown
in Eq. (3).

IV. Numerical Application
An application of model order reduction by selective sensitiv-

ity has been performed on an academic test case. The structure we
consider is a ® xed-free beam that has been modeled with 50 bi-
dimensional ® nite beam elements, as shown in Fig. 1 and longitu-
dinal effects have been neglected.

We would like to obtain a reduced model that preserves the ® rst
10 modes of the re® ned model. So, the ® rst 10 eigenvectors make
up the columns of the matrix Y (m) , de® ned in step 5 of Sec. III. We
® rst outline the eight stages by which the model reduction matrix P
is constructed,as described in Sec. III.

Fig. 1 Structure BEAM.
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Step 1) The domains we are interested in decoupling, for some
particular reasons, are the domains D1, D2, and D3, grouping re-
spectively elements 10±16, 25±32, and 44±50, respectively.

Step 2) For each of these three domains, all of the linearly inde-
pendentselectivevectorssatisfyingEq. (4) are calculatedand stored
in the matrices ÄH j for j = 1±3. Respectively, 14, 16, and 14 selec-
tive vectorshavebeen found, which are grouped in the single matrix
ÄH 2 R100 £ 44.

Step 3) All the linearly independent deselective vectors to these
domains are similarly calculated from Eq. (5) and stored in the
matrix ÄW 2 R100 £ 56 .

Step 4) Hence the initial basis of the model reduction is
ÄP = [ ÄH j ÄW ], as in Eq. (6).

Step 5) We then search for the projectioncoef® cientmatrices ÄC H j

and ÄC W of the ® rst 10 eigenvectorsof the re® ned model, grouped in
Y (m) , respectively,on each of these bases ÄH j and on ÄW .

Step 6) A singularvaluedecompositionis appliedon eachproduct
ÄH j ÄC H j . Figures 2 give, in each case, the singular values that we see

decrease rapidly with mode number. From these curves, we retain
4, 5, and 3 vectors, respectively, for the domains D1, D2 , and D3

and store them in the matrix H 2 R100 £ 12. As well, a singular value
decomposition is performed on ÄW ÄC W . The 10 vectors retained are
stored in W 2 R100 £ 10 .

Step 7) We can now de® ne the projection matrix in the model
reduction P = [H j W ] 2 R100 £ 22.

Step 8) The reduced model of size 22 £ 22 is ® nally obtained
by projecting the stiffness and mass matrices of the re® ned model
K , M 2 R100 £ 100 on the basis P .

The block diagonal structure of the reduced-modelstiffness ma-
trix ÄK is visualizedin Fig. 3. After the singularvaluedecomposition,
step 5, we retained4, 5, and 3 vectors representingdomains D1 , D2,
and D3, respectively.These domains are decoupled in the reduced
model, as seen from the nonoverlappingblocks in Fig. 3.

Domain D1 Domain D2 Domain D3

Fig. 2 Singular value decompositions.

Fig. 3 Visualization of block structure of reduced stiffness matrix.

The model order reduction was implemented to preserve the ® rst
10 modes of the re® ned model, as shown in Fig. 4. The left-handplot
of Fig. 4 represents the errors between the ® rst 22 eigenfrequencies
of the re® ned model and thoseof the reducedmodel, evaluatedfrom
the criterion

e k (%) = 100 £ j k m ¡ Äk m j
j k m j

(10)

where the eigenvaluesof the re® ned and reduced models are k m and
Äk m , respectively. We note that the spectrum of the re® ned model
including the ® rst 10 eigenfrequencies is preserved in the reduced
model with an accuracy better than 0.01%. The right-hand plot in
Fig. 4 gives the errors between the eigenvectorsof both models. An
expansionon the reduced-modeleigenvectorshas beenperformedto
compare them with those of the re® ned model. The errors are calcu-
lated using two distancecriteria, one based on the Modal Assurance
Criteria (MAC) (solid line) and the other based on the relative error
(dashed line):

e MAC = 100 £ ( 1 ¡
( yT

m Pz m )2

k ym k 2 k z m k 2 ) (11)

e rel error = 100 £ k ym ¡ Pz m k
k y m k

(12)

where the eigenvectors of the re® ned and the reduced models are
ym and z m , respectively. Note that even for the strictest criterion
(relative-errorcriterion),the ® rst 10 eigenvectorsare preservedwith
between 0.01 and 0.1% error.

To illustrate the predictive capabilities of this reduced model we
have modi® ed the stiffnesses of domains D1 and D2 by factors
of 0.5 and 1.5, respectively. The corresponding stiffnesses of the
re® ned model have been likewise modi® ed. We now calculate the
eigenvalues of the reduced and re® ned models, and compare them
according to Eq. (10) in the left-hand part of Fig. 5. We see that the

Errors on eigenfrequencies Errors on eigenvectors

Fig. 4 Comparison between the re® ned and the reduced initial model
behaviors.

Errors on eigenfrequencies Errors on eigenvectors

Fig. 5 Comparison between the re® ned and the reduced perturbed
model behaviors.
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discrepanciesbetween the reduced and re® ned eigenvalues are less
than 0.1%, showing that the modi® cations of the re® ned model are
accurately predicted from the modi® ed reduced model. A similar
test is made with the eigenvectors.The eigenvectorsof the reduced
and re® ned models after stiffness modi® cation are compared in the
right-handpart of Fig. 5, based on Eqs. (11) and (12). One sees that
the eigenvectorsof the modi® ed re® nedmodel are reproducedby the
modi® ed reduced model with an error between 0.01 and 3% with
the relative-error criterion, which is much stricter than the MAC
criterion.

V. Discussion
Model reduction procedures based on Eq. (3) share the same

strength and weakness, namely, their performance intimately de-
pends on the degree to which the column space of P spans the
desired response space of the re® ned model. On the one hand, this
property can be used to construct very signi® cant order reductions
while retaining high accuracy. On the other hand, a poorly selected
Ritz basis, even containing a relatively large number of vectors,
inevitably will lead to disappointing results.

The model reduction algorithm presented above is based on a
transformation P that preservescertain topologicalpropertiesof the
re® ned model. The existence of these selective and deselectivevec-
torsdependsexclusivelyon theconnectivityof themodel in question
and is independent of the nominal values of the design parameters.
For subdomainshavingcomplexconnectivitiesandboundarycondi-
tions, the correspondingselectiveand deselectivevector spacesmay
be reduced to very small dimensionsand may even be empty sets, in
which case the proposedalgorithm will not be applicable.However,
a large number of technologicalstructurespossess a relativelyserial
topology (rotors, space structures, etc.) and can be advantageously
representedby reducedmodels obtainedby the proposedprocedure.

VI. Conclusions
A model order reduction strategy has been developed on the ba-

sis of the concept of selective sensitivity. This model reduction has
the property of preserving selected global behaviors of the re® ned
model while reducing its dimension. The distinctive feature of this
model order reduction lies in the property of topological localiza-
tion, wherein subsets of re® ned model degrees of freedom can be
mapped to subsets of reduced-model degrees of freedom. We have
demonstrated that this property is the direct consequence of the
selective and deselective properties of the projection matrix P .

Appendix: Topological Localization Theorem
and Related Results

Consider a conservative linear elastic system whose N -dimen-
sional re® ned model is characterizedby the stiffness and mass ma-
trices K , M . The N £ N dynamic stiffness matrix is given by Eq.
(1). We assume that Z ( k ) has the submodeling property of Eq. (2).

Let us now de® ne a model order reductionbased on a linear trans-
formation between the re® ned- and the reduced-model displace-
ments y and z, respectively:

y = Pz (A1)

The stiffness and mass matrices of the reduced model are given
by the relations of Eq. (3), where K and M are, respectively, the
stiffness and mass matrices of the re® ned model and P is a given
projection matrix.

Given some general properties of the projection matrix P , the
model reduction de® ned by Eq. (3) can have some basic properties,
which are presented in propositions 2 and 3. But ® rst, some main
de® nitions must be given.

De® nition 1: Let K be a stiffness matrix having the submodeling
property of Eq. (2) with q submodels K1 , . . . , Kq . A matrix H has
the property of selectivity with respect to K if there exists a collec-
tionof nonemptydisjointindex sets D1 , . . . , Dp , nonecontainingall
q indices,and if there exist p submatrices H j of H = [H 1 , . . . , H p ],
H j 2 RN £ d j , such that for each column h 2 H j ,

Si 2 D j

K i h 6= 0 and Si /2 D j

K i h = 0 j = 1, . . . , p (A2)

De® nition 2: Let K be a stiffness matrix having the submodeling
property of Eq. (2) with q submodels K1 , . . . , Kq . A matrix W has
the property of deselectivity with respect to K for the index sets
D1 , . . . , Dp if, for each column w 2 W ,

Si 2 D

K i w = 0 and Si /2 D

K i w 6= 0 (A3)

where D represents the union of the index sets D j ( j = 1, . . . , p),
D = [ j D j .

De® nition 3: Given two matrices of the same dimension A and
B. The matrix A ¯ B is formed as the term-by-term product of A
and B:

[A ¯ B]i j = Ai j Bi j (A4)

De® nition 4: Let ÄK = PTKP represent a model order reduction
where the re® ned stiffness matrix K has the submodeling property
ofEq. (2)with q submodelsK1 , . . . , Kq . This modelorderreduction
has thepropertyof topologicallocalizationif thereexistsa collection
of nonempty disjoint index sets D1, . . . , Dp , none containing all q
indices, such that the derivatives of ÄK satisfy

( Si 2 Dm

@ ÄK
@ki ) ¯ ( Si 2 Dn

@ ÄK
@ki ) = 0

for all m, n = 1, . . . , p; m 6= n (A5)

Equation (A5) means that the variations of the reduced stiffness
matrix with respect to the re® ned-model stiffness parameters, in-
dexed respectively in disjoint sets Dm and Dn (m 6= n), are inde-
pendent in the sense of being topologicallynonoverlapping.That is,
variationof a stiffnessparameterki in the re® ned model causes vari-
ation of parameters in the reduced model that are unaffectedby any
other re® ned parameter. This establishes a unique correspondence
between the physical model parameters of the reduced and re® ned
models.This is important in situationswhere analysesperformedon
the reducedmodel are used to suggest physical properties or design
changes for the re® ned model.

Proposition 1: Let ÄK = P TKP be a model order reduction where
the re® ned stiffness matrix K has the submodeling property of Eq.
(2) with q submodels K1, . . . , Kq and where P = [H j W ], H
having the property of selectivity with respect to K and W hav-
ing the property of deselectivity with respect to K with index sets
D1 , . . . , Dp . The reduced stiffness matrix ÄK is a block-diagonal
matrix:

ÄK = bdiag( H TK H , W T K W ) (A6)

where bdiag( ¢ ) is the block-diagonaloperator.
Proof: The reduced stiffness matrix ÄK is given by

ÄK = P TKP (A7)

Considering P = [ H j W ], Eq. (A7) becomes

ÄK = [ H T K H H T K W

W T K H W T K W ] (A8)

Let h 2 H j ( j = 1, . . . , p) and w 2 W ; then we have

w T K h = w T ( Si 2 D j

ki K i + Si /2 D j

ki K i) h (A9)

Equations (A2) and (A3) imply that w T K h = 0. Furthermore,
w T K h = h T K w , and so, we have h T K w = 0. This implies that the
submatrices W T K H and H T K W are null matrices, demonstrating
the block diagonality of the matrix ÄK .

Proposition 2 shows a necessary and suf® cient condition for the
® rst block of the reduced model ÄK1 = H T K H to have the property
of topological localization.

Proposition2: Let ÄK = PTKP be a model order reductionwhere
the re® ned stiffness matrix K has the submodeling property of Eq.
(2)with q submodels K1, . . . , Kq and where P = [H j W ], H having
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the propertyof selectivitywith respect to K and W having the prop-
erty of deselectivitywith respect to K with index sets D1, . . . , Dp .
The property of topological localization is satis® ed by the block
ÄK1 = H T K H if and only if the projection submatrix H has the

property of selectivity.
Proof:
1) We ® rst demonstrate that the selectivity property is suf® cient

for topologicallocalization.Let ÄK1 = H T K H be part of the reduced
model ÄK = PTKP , where H = [ H 1, . . . , H p], with H j 2 RN £ d j ,
has the property of selectivity with respect to K :

Si 2 D j

Ki h 6= 0 and Si /2 D j

K i h = 0

for all j = 1, . . . , p, for all h 2 H j (A10)

We show that ÄK1 has the property of topological localization.
For any index set D j , j = 1, . . . , p, the derivatives of ÄK1 are

given by

Si 2 D j

@ ÄK1

@ki
= Si 2 D j

@

@ki

( H T K H ) (A11)

= H T Si 2 D j

@

@ki (
q

S l = 1

kl K l) H (A12)

= H T Si 2 D j

K i H (A13)

To simplify the notations, de® ne

Bm
= H T Si 2 Dm

K i H and r m =
m

S l = 1

dl

where r m is a column index locating the last vector of the submatrix
H m , H m 2 R N £ dm , in the matrix H .

Because of the selective property of H , we have the following
property of the (i j )th element of Bm :

Bm
i j = 0 for all m = 1, . . . , p

if i or j · r m ¡ 1 or i or j > r m (A14)

If we can showthat, form, n = 1, . . . , p with m 6= n, Bm
i j Bn

i j = 0 for
all i 6= j , then we have demonstrated that ÄK1 satis® es the property
of topological localization.

Suppose there exists i, j such that Bm
i j Bn

i j 6= 0 m, n = 1, . . . , p;
m 6= n. This implies that Bm

i j and Bn
i j botharenonzeroterms: Bm

i j 6= 0
and Bn

i j 6= 0. According to Eq. (A14), these conditions are satis® ed
for i, j such that

r m ¡ 1 < i and j · r m and r n ¡ 1 < i and j · r n (A15)

Without loss of generality, we can choose m < n; we have r m ·
r n ¡ 1 , and so, i, j · r n ¡ 1 and i, j > r n ¡ 1, which is a contradiction.

Then for all m , n = 1, . . . , p; m 6= n:

Bm
i j Bn

i j = 0 for all i, j (A16)

which is equivalent to

Bm ¯ Bn = 0 (A17)

We have thus proven that selective sensitivity implies topological
localization.

2) We now demonstrate that the selectivity property of H is a
necessary condition for topological localization. Let ÄK1 = H T K H
be part of the reduced model ÄK , where ÄK1 has the property of
topological localization:

( Si 2 Dm

@ ÄK1

@ki ) ¯ ( Si 2 Dn

@ ÄK1

@ki ) = 0

for all m, n = 1, . . . , p; m 6= n (A18)

We will show that H has the property of selectivity with respect
to K .

By de® nition of the matrices Bm , Eq. (A18) is satis® ed if and
only if Bm

i j Bn
i j = 0 for all i, j . In particular, this has to be true for

i = j :

Bm
ii Bn

ii = 0 (A19)

Eq. (A19) is satis® ed by any of the three following con® gurations:

Bm
ii = 0 Bn

i i 6= 0

Bm
ii 6= 0 Bn

i i = 0

Bm
ii = 0 Bn

i i = 0

(A20)

Suppose that Bm
ii 6= 0, which means that there exists h 2 H :

h T Si 2 Dm

K i h 6= 0

Then, from Eq. (A20), we necessarily have Bn
ii = 0, that is,

h T Si 2 Dn

Ki h = 0

which implies

Si 2 Dn

K i h = 0

because

h T Si 2 Dn

K i h

is a quadratic form where

Si 2 Dn

K i

is a symmetric and nonnegativematrix. In other words, considering
a vector h 2 H not orthogonal to the columns of

Si 2 Dm

K i

we have shown that h is orthogonal to the columns of

Si 2 Dn

K i (m 6= n)

which is thede® nitionof selectivityof a matrix.We thus haveproven
that topological localization implies selective sensitivity.

This propertyof topologicallocalizationmeans that if one param-
eter of the re® ned model is modi® ed, then the physical parameters
of the reduced model that are affected by this change are easily
localized.

A direct consequence of proposition 2 concerns the relationship
existing between parameters of the re® ned model and the static re-
sponses of the reduced model. This relation is formulated in propo-
sition 3.

Proposition3: Let ÄK = PTKP be a modelorderreduction,where
the re® ned stiffness matrix K has the submodeling property of Eq.
(2) with q submodels K1, . . . , Kq and where P = [H j W ], H
having the property of selectivity with respect to K and W hav-
ing the property of deselectivity with respect to K with index sets
D1 , . . . , Dp . We assume that each set D j ( j = 1, . . . , p) corre-
sponds to a single, perhaps homogenized, stiffness parameter, and
that the static response ys of the re® ned model due to an excitation
f can be representedon P. Then this static response ys is related to
the stiffness parameters k j ( j = 1, . . . , p) through the equation

ys = yS
s (k j , f ) + y D

s ( f ) (A21)

with

yS
s (k j , f ) =

p

S j = 1

1

k j

é
ë
H j( H j T Si 2 D j

Ki H
j)

¡ 1

H j T
f ù
û

(A22)
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and

y D
s ( f ) = W ( W T Si /2 D j j = 1,..., p

ki K i W )
¡ 1

W T f (A23)

where yS
s (k j , f ) representsthecomponentof the staticdisplacement

that is an explicit and simple function of the stiffness parameters
k j ( j = 1, . . . , p) and yD

s ( f ) represents the componentof the static
displacement that is independent of the aforementioned stiffness
parameters.

Proof: The static response ys of the re® ned model to an excitation
f satis® es

K ys = f (A24)

If we assume that ys can be represented on P , that is,

ys = Pzs (A25)

then by premultiplying Eq. (A24) by PT , we obtain

PTKPzs = PT f (A26)

or

ÄK zs = PT f (A27)

where P = [H 1 ¢ ¢ ¢ H p j W ], each H j ( j = 1, . . . , p) containing lin-
early independent selective vectors to D j and W containing linear-
ly independent deselective vectors to the union of all the index

sets D j ( j = 1, . . . , p), and ÄK = bdiag( H 1T
K H 1 , . . . , H pT

K H p ,
W T K W ).

ÄK is a nonsingularmatrix because each of its blocks is a full rank
matrix. Then, Eq. (A27) can be written

zs = ÄK ¡ 1 PT f (A28)

where

ÄK ¡ 1
= bdiag é

ë
1

k1 ( H 1T Si 2 D1

K i H
1)

¡ 1

, . . . ,

1

k p ( H pT Si 2 D p

K i H
p)

¡ 1

, ( W T K W ) ¡ 1ù
û

because of the selective properties of H and the deselectiveproper-
ties of W with respect to K .

Taking into account Eqs. (A25) and (A28), we ® nally obtain re-
lations (A21±A23), which explicitly relate the static responseof the
re® ned model, due to an excitation f , to the stiffness parameters
k j ( j = 1, . . . , p).

The parameter property presented in proposition 3 is a conse-
quence of the topological localization property, which is speci® c to
model order reduction by selective sensitivity.

The two precedingpropositionshave establishedspeci® c proper-
ties of model order reductionby selective sensitivity.The following
ones are more general and concern any reduction strategy based
on a full-rank linear transformation between the re® ned- and the
reduced-model displacements, as de® ned in Eqs. (A1) and (3).

Proposition 4 shows in what sense the strain and kinetic energies
of the re® ned model are preserved by the reduced model.

Proposition 4: Given the model order reduction de® ned in Eq.
(3), let y be an N -dimensional displacement vector of the re® ned
model. If it can be exactly representedon the basis P , then the strain
and kinetic energies of the re® ned model for this displacement are
preserved in the reduced model.

Proof: The proposition assumes that there exists a vector z such
that y = Pz. The strain and kinetic energies of the re® ned model
for the response y, respectively, given by yT K y and yT My, also
can be written

yT K y = zT PTKPz = zT ÄK z (A29)

yT My = zT PTMPz = zT ÄMz (A30)

where zT ÄK z and zT ÄMz are, respectively,the strain and kineticener-
gies of the reducedmodel for the response z, where z is the response
in the reduced model that is equivalent to the re® ned response y.

Proposition 5 shows that a certain class of static displacement
vectors is preserved by the model reduction.

Proposition5: Given themodel order reductionde® ned in Eq. (3),
let ys be an N -dimensionalstatic displacementvector of the re® ned
model subject to the force f . If ys can be exactly representedon the
basis P , then the static behavior of the re® ned model is preserved
in the reduced model.

Proof: Let f be the force that, when applied to the re® ned model,
leads to the displacement ys . It satis® es

K ys = f (A31)

Premultiplying by PT and assuming that ys = Pzs , Eq. (A31)
becomes

PTKPzs = PT f (A32)

or, using Eq. (3),

ÄK zs = PT f (A33)

where zs is the responseof the reducedmodel to the equivalentforce
P T f .

Proposition6 shows that part of the spectrumof the re® ned model
is retained in the reduced model.

Proposition 6: Given the model order reduction de® ned in Eq.
(3), let ym be an N -dimensional eigenvectorof the re® ned model. If
it can be representedexactly on P , then its associated eigenvalue is
preserved in the spectrum of the reduced model and its projection
is an eigenvector of the reduced model.

Proof: Let ym be an eigenvectorof the re® ned model that satis® es

(K ¡ k m M)ym = 0 (A34)

and assume that ym = Pc m . Then Eq. (A34) is written

(K ¡ k m M )Pcm = 0 (A35)

and by premultiplying by PT ,

( P T K P ¡ k m PT M P)c m = 0 (A36)

Considering Eq. (3), this becomes

( ÄK ¡ k m ÄM)c m = 0 (A37)

The eigenvalue k m is preserved and the projection of ym on P is the
corresponding eigenvector of the reduced model, associated with
k m .
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