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Model Order Reduction by Selective Sensitivity

Scott Cogan,*Gerard Lallement,” and Frederique Ayer?
University of Franche—Comte, Besangon 25030, France

and

Yakov Ben-Haim?$
Technion—Israel Institute of Technology, Haifa 32000, Israel

Many industrial structures are represented by models with a large number of degrees of freedom, thus making
their use complex and costly. Model order reduction alleviates this problem by elaborating lower-dimensional
models that satisfy some properties of the refined model. We present a model order reduction procedure based
on the concept of selective sensitivity. This reduction method has the property of preserving energies and static or
dynamic behaviors of the refined model in the reduced model while preserving the essence of its topology.

Nomenclature

K £ RVXN = stiffness matrix of refined model
K ~Rm"xm = stiffness matrix of reduced model
K, M; ~R"xY = submodel connectivity matrices
ki,m; ~R = model parameters
Me RE’ xN = mass matrix of refined model
M ER’"X’" = mass matrix of reduced model
P ZRVx™ = projection matrix
(C)] = matrix of selective vectors
0 € RY = selective vector
b4 = matrix of deselective vectors
OT = transpose operator

I. Introduction

HE design and optimization of industrial components often

requires the construction of predictive mathematical mod-
els. The presence of complex geometries, materials, and assem-
bly techniques—not to mention modern automated CAD tools—
inevitablypushesthe engineerto employ progressivelyfiner meshes,
which can lead to very high models orders. This situation can se-
riously handicap the implementation of the model in diverse ap-
plications because of the high manipulation costs such as memory
requirements and calculation times.

Model reduction strategies in linear elastodynamics reduce the
order of the model to a usable size while preserving a certain set
of behavior characteristics necessary to ensure the success of the
end use. Two broad objectives for model reductiontypically can be
distinguished. The first objective is the need to calculate the out-
put behavior (eigensolutionsor particular solutions) of a model. In
this case, it is generally assumed that the only prior information
available concerning the model is its associated state matrices. The
most common examples of this brand of model reduction are the
staticor dynamic Guyan condensations.! The second objective con-
cerns the need for a relatively low-order dynamic stiffness matrix
of the model for use in general design, prediction,and optimization
applications, for example, dynamic substructuring, model correc-
tion, and approximate reanalysis. Although the Guyan method can
be employed directly in this context, methods using additional prior
information(e.g.,a Ritz subbasisformed of modes or static deforma-
tions of the refined model) are commonly employed. Now, classical
examples of this approach include Craig-Bampton,? MacNeal,* and
Rubin,* to cite just a few.
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In general, both classes of reduction methods retain a restricted
set of model degrees of freedom, which may be either physical,
generalized, or a mixture of both. The primary difficulty in apply-
ing these procedures in practice is to understand which coordinate
degrees of freedom (physical and/or generalized) must be retained
to ensure a sufficiently precise representation of the refined model
behavior. An additional and often overlooked inconvenienceis that
the topological properties of the refined model are generally lost in
the reduced model, that is, the contributionsof the design parameters
affecting the unretained physical degrees of freedom are generally
spread over the entire set of retained coordinates.

A new model reduction strategy is proposed that has the dis-
tinctive feature of preserving certain topological properties of the
refined model while preserving a defined set of spatial and dynamic
characteristics. This procedure is based on the concept of selective
sensitivity,~® whose orthogonality properties are used to quantify
the natural local clustering of model parameter subgroups induced
by the connectivity or proximity propertiesthat are characteristicof
linear elastic systems.

The propertiesof this model reduction procedure are describedin
Sec. II. A specific implementation of the strategy is outlined in Sec.
111, and an illustrativeexample is presented in Sec. I'V. The appendix
contains formal definitions and proofs of the relevant theorems.

II. Model Order Reduction Properties

In this section we define what we mean by a model order reduc-
tion, and we discuss in qualitativeterms the physical propertiesthat
such a transformation should have. The precise mathematical basis
of the selectively sensitive model order reduction proposed here is
developed in the Appendix.

Consider a conservative linear elastic system whose N-dimen-
sional refined model is characterized by the stiffness and mass ma-
trices K and M. The N X N dynamic stiffness matrix is given by

Z(N) =K _M (1)
We assume that Z(A) can be expressed as a linear function of the
model parameters:

Rin

Ry
Z(N = ZkiKi _),' 'm; M; )

where the real symmetric matrices K;, M; depend only on the con-
nectivity of the finite element representationof the structure and ;,
m; are scalarmodel parameters: local stiffnessesand inertias. Repre-
sentation(2) is referredto as the submodeling property of the model.
We define the stiffness and mass matrices of a model of reduced
dimension in terms of the refined-model matrices as
M= P'MP

K= PTKP (3)
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where P has fewer columns than rows. The transformationmatrix P
is defined by a systematic procedure in Sec. III and its application is
illustrated in Sec. I'V. This transformation invests the reduced-order
system with a particular relationship to the refined model, Eq. (2),
which we describe.

The most important property of the selectively sensitive reduced-
order model is topological localization, defined rigorously in defi-
nition 4 of the appendix. Here we describe its intuitive meaning.

A model orderreductionhas the property of topologicallocaliza-
tion if the variations of the reduced stiffness matrix K with respect
to the refined-model stiffness parameters k; are independent in the
sense of being topologically nonoverlapping. That is, variationof a
stiffness parameter &; inthe refined model causes variationof param-
eters in the reduced model that are unaffected by any other refined
parameter. This establishes a unique correspondence between the
physical model parameters of the reduced and refined models. This
is important in situations where analyses performed on the reduced
model are used to suggest physical properties or design changes for
the refined model.

The property of topological localization is achieved mathemati-
cally by requiring that the model order reduction satisfy Eq. (AS).
In proposition 2, this is proven to hold for the selectively sensitive
model order reductionand only for such procedures. What Eq. (AS5)
states is that the stiffness parameters can be organized into groups
in such a way that each group of parameters populates a unique
part of the stiffness matrix. Consequently, the property of topologi-
cal localization means that if one parameter of the refined model
is modified, then the physical parameters of the reduced model
that are affected by this change are easily localized in the stiffness
matrix.

Proposition 3 establishes a relationship between the parameters
of the refined model and the static responses of the reduced model.
In particular, Eqgs. (A21) and (A22) demonstrate that the static re-
sponsesy, of the reducedmodeldependina simple manneronthe se-
lectively sensitized stiffness parameters, which appearin yS(k;, f).
This I/O relation depends explicitly on the property of topological
localization and clearly is not characteristic of either the refined
model or a general reduction transformation. This property allows
a particularly cost-effective procedure for choosing the stiffnesses
to obtain desired static responses.

Finally, propositions 4-6 are more general and concern any re-
duction strategy based on a full rank linear transformation between
the refined and the reduced model displacements, as defined in Eq.
(3). They demonstrate that the static and eigenbehaviors of the re-
fined model are preserved if and only if the corresponding output
vectors can be represented on the Ritz basis P.

III. Model Order Reduction Algorithm

The model orderreductionof the high-dimensionalrefined model
to the low-dimensional reduced model by the selective sensitivity
procedure can be implemented in various ways. One approach is
described in the following steps.

Step 1) Select domains of the refined model that are to be decou-
pledinthereducedmodel. Each ofthesedomains D, (j = 1, ..., p)
is specified by a set containingthe indices of the stiffness parameters
inthe refined model we would like to reduce to one single parameter
or, at most, a few parameters in the reduced model.

Step 2) For each submodel domain D, find a collectionof all d;
linearly independent selective vectors 0 satisfying the property

KO= {0 EDs @)
not 0 i eDj

This is the basic property upon which selective sensitivity is based
and the existence of such vectors is an important property of
linear elastic systems as described elsewhere.®® For the jth do-
main, we calculate all d; linearly independent selective vectors
for the associated stiffness matrices and store them in a matrix
® = R¥x%. These p matrices are grouped in a single matrix
O=T0" .., 0 cR*Z".

Step 3) If the columns of ® do not span the entire space, which
will usually be the case, we extend the basis of selective vectors. We
define deselective vectors, which are grouped in the matrix W, and

¥ is ortho gonalto the stiffness matrices associated to the domains
Dla PN Dp:
K¥Y=0 i=1,....p (5)

Step 4) The columns of ® and ¥ form the initial basis of our
model reduction, and they are combined in a single matrix as

i’:[éfﬂ (6)

i gD,

This matrix P is a full column rank rectangular matrix.

Step 5) We compile a matrix Y whose columns are dynamic
or static responses of the refined model, which we want to preserve.
Mode shape vectors may be included among the columns of Y.
We search for the projectionmatrix C = [CJ, ... C&, i CET of
Y on the basis P, which minimizes the error & in the rélation

Y = ;’6 + €

2@)’5@- +¥Cy+ ¢ (7)

Because of the orthogonality property, Eqs. (4) and (5), we see by
multiplying on the left by K that each submatrix Cg; can be inde-
pendently calculated from

K;Y™ = K,0/Co, (8)

The Moore-Penrose pseudoinverseof K,;®’ multiplied by K,;Y
gives us a minimum norm estimate for Ce;.

Step 6) Singular value decompositions are then applied on each
component of the right-hand side of Eq. (7) to find the vectors that
are the most important in representing the columns of Y. The
singular value decomposition of & Cg, leads to matrices U;, X,
and V/;, which satisfy

®Cor = Uz, VT )

where X ; is a diagonalmatrix and U;, V; are unitary matrices. From
this decomposition, we select the columns of U, that are associated
with the greatest singular values, and store them in a matrix & . The
same operation is performed to choose the best deselective vectors
fromthe singularvalue decompositionof WCy. These vectorsdefine
the matrix V.

The choice of the number of vectors to retain dependson a figure
of merit based on the relation between the representation error of
Y™ on @ or W and the truncation error on singular values.’

Step 7) All of the vectors in ®' to @7 and W are grouped in a
matrix P = [® | W], which now defines the projection matrix in
the model order rLduCtion by selective sensitivity.

Step 8) Finally, the reduced model is constructed by projecting
on P the stiffness and mass matrices of the refined model, as shown

in Eq. (3).

IV. Numerical Application

An application of model order reduction by selective sensitiv-
ity has been performed on an academic test case. The structure we
consider is a fixed-free beam that has been modeled with 50 bi-
dimensional finite beam elements, as shown in Fig. 1 and longitu-
dinal effects have been neglected.

We would like to obtain a reduced model that preserves the first
10 modes of the refined model. So, the first 10 eigenvectors make
up the columns of the matrix Y™, defined in step 5 of Sec. III. We
first outline the eight stages by which the model reduction matrix P
is constructed, as described in Sec. I11.

Fig.1 Structure BEAM.
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Step 1) The domains we are interested in decoupling, for some
particular reasons, are the domains D;, D,, and Dj;, grouping re-
spectively elements 10-16, 25-32, and 4450, respectively.

Step 2) For each of these three domains, all of the linearly inde-
pendent selective vectors satisfying Eq. (4) are calculated and stored
in the matrices ® for j = 1-3. Respectively, 14, 16, and 14 selec-
tive vectorshave been found, which are grouped in the single matrix
©® ~ R00x4

ep 3) All the linearly independent deselective vectors to these
domaing are similarly calculated from Eq. (5) and stored in the
matrix ¥ = R'0x36,

_ Step 4) Hence the initial basis of the model reduction is
P= [® Y], as in Eq. (6).

Step SI) We then search for the projection coefficient matrices C o/

and Cv of the first 10 eigenvectorsof the refined model, grouped in
Y™ respectively,on each of these bases @’ and on V.
_ Step 6) A singularvaluedecompositionis applied on each product
®/ Cg; . Figures 2 give, in each case, the singular values that we see
decrease rapidly with mode number. From these curves, we retain
4, 5, and 3 vectors, respectively, for the domains Dy, D,, and D;
and store them in the matrix @ = R!x!2. As well, a singular value
decomposition is performed on C\p The 10 vectors retained are
stored in ¥ = R'0x10,

Step 7) V\g can now define the projection matrix in the model
reduction P = R1 0022

Step 8) The red ced model of size 22 \, 22 is finally obtained
by projecting the stiffness and mass matrices of the refined model

M £ R'%%'% on the basis P.

¢ §lock diagonal structure of the reduced-modelstiffness ma-
trix K is visualizedin Fig. 3. Afterthe singularvalue decomposition,
step 5, we retained 4, 5, and 3 vectorsrepresentingdomains Dy, D,,
and Ds, respectively. These domains are decoupled in the reduced
model, as seen from the nonoverlappingblocks in Fig. 3.
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Fig.2 Singular value decompositions.
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Fig.3 Visualization of block structure of reduced stiffness matrix.

The model order reduction was implemented to preserve the first
10 modes of the refined model, as shown in Fig. 4. The left-hand plot
of Fig. 4 represents the errors between the first 22 eigenfrequencies
ofthe refined model and those of the reduced model, evaluated from
the criterion
(%) = 100 5¢ Jﬂ“vll;“ (10)
where the eigenvaluesof the refined and reduced models are A, and
Ay, respectively. We note that the spectrum of the refined model
including the first 10 eigenfrequenciesis preserved in the reduced
model with an accuracy better than 0.01%. The right-hand plot in
Fig. 4 gives the errors between the eigenvectors of both models. An
expansiononthe reduced-modeleigenvectorshas been performedto
compare them with those of the refined model. The errors are calcu-
lated using two distance criteria, one based on the Modal Assurance
Criteria (MAC) (solid line) and the other based on the relative error

(dashed line):
(T Pz,) r) (11

CIPrIF

v—Pzy
Erelerror = 100 X -I'uu (12)

Il
where the eigenvectors of the refined and the reduced models are
yy and z,, respectively. Note that even for the strictest criterion
(relative-errorcriterion), the first 10 eigenvectorsare preserved with
between 0.01 and 0.1% error.

To illustrate the predictive capabilities of this reduced model we
have modified the stiffnesses of domains D; and D, by factors
of 0.5 and 1.5, respectively. The corresponding stiffnesses of the
refined model have been likewise modified. We now calculate the
eigenvalues of the reduced and refined models, and compare them
accordingto Eq. (10) in the left-hand part of Fig. 5. We see that the
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Fig.4 Comparison between the refined and the reduced initial model
behaviors.
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model behaviors.



560 COGANET AL.

discrepancies between the reduced and refined eigenvalues are less
than 0.1%, showing that the modifications of the refined model are
accurately predicted from the modified reduced model. A similar
test is made with the eigenvectors. The eigenvectorsof the reduced
and refined models after stiffness modification are compared in the
right-hand part of Fig. 5, based on Egs. (11) and (12). One sees that
the eigenvectorsof the modified refined model are reproducedby the
modified reduced model with an error between 0.01 and 3% with
the relative-error criterion, which is much stricter than the MAC
criterion.

V. Discussion

Model reduction procedures based on Eq. (3) share the same
strength and weakness, namely, their performance intimately de-
pends on the degree to which the column space of P spans the
desired response space of the refined model. On the one hand, this
property can be used to construct very significant order reductions
while retaining high accuracy. On the other hand, a poorly selected
Ritz basis, even containing a relatively large number of vectors,
inevitably will lead to disappointingresults.

The model reduction algorithm presented above is based on a
transformation P that preservescertain topologicalpropertiesof the
refined model. The existence of these selective and deselective vec-
torsdependsexclusivelyonthe connectivityof the modelin question
and is independent of the nominal values of the design parameters.
For subdomainshaving complex connectivitiesand boundarycondi-
tions, the correspondingselectiveand deselective vector spaces may
be reduced to very small dimensions and may even be empty sets, in
which case the proposed algorithm will not be applicable. However,
a large number of technologicalstructures possess a relatively serial
topology (rotors, space structures, etc.) and can be advantageously
representedby reduced models obtained by the proposed procedure.

VI. Conclusions

A model order reduction strategy has been developed on the ba-
sis of the concept of selective sensitivity. This model reduction has
the property of preserving selected global behaviors of the refined
model while reducing its dimension. The distinctive feature of this
model order reduction lies in the property of topological localiza-
tion, wherein subsets of refined model degrees of freedom can be
mapped to subsets of reduced-modeldegrees of freedom. We have
demonstrated that this property is the direct consequence of the
selective and deselective properties of the projection matrix P.

Appendix: Topological Localization Theorem
and Related Results

Consider a conservative linear elastic system whose N-dimen-
sional refined model is characterized by the stiffness and mass ma-
trices K, M. The N , N dynamic stiffness matrix is given by Eq.
(1). We assume that %(l) has the submodeling property of Eq. (2).

Let us now define a model orderreductionbased on a lineartrans-
formation between the refined- and the reduced-model displace-
ments y and z, respectively:

y= Pz (A1)

The stiffness and mass matrices of the reduced model are given
by the relations of Eq. (3), where K and M are, respectively, the
stiffness and mass matrices of the refined model and P is a given
projection matrix.

Given some general properties of the projection matrix P, the
model reduction defined by Eq. (3) can have some basic properties,
which are presented in propositions 2 and 3. But first, some main
definitions must be given.

Definition 1: Let K be a stiffness matrix having the submodeling
property of Eq. (2) with ¢ submodels K|, ..., K,. A matrix ® has
the property of selectivity with respect to K if there exists a collec-
tionofnonemptydisjointindexsets Dy, ..., D,,nonecontainingall
¢ indices,and if there exist p submatrices® of @ = [@', ..., @],
®/ € RYx4  such that for each column 0 €®f,

ZK,»97O and ZK,B:O j=L...,p (A2

Definition2: Let K be a stiffness matrix having the submodeling
property of Eq. (2) with ¢ submodels K, ..., K,. A matrix ‘¥ has
the property of deselectivity with respect to K for the index sets
Dy, ..., D, if, for each column y E‘P,

ZK,W:O and ZK,W70 (A3)

where D represents the union of the index sets D; (j = 1, ..., p),

D=yD;.

De%izion 3: Given two matrices of the same dimension A4 and
B. The matrix 4 10 B is formed as the term-by-term product of 4
and B:

[AOB]U: A,'jB,'j (A4)

Definition 4: Let K = PTKP represent a model order reduction
where the refined stiffness matrix K has the submodeling property
of Eq. (2) with g submodels K, . . ., K. This modelorderreduction
hasthe property of topologicallocalizationif there existsa collection
of nonempty disjoint index sets Dy, . .., D,, none containingall ¢
indices, such that the derivatives of K satisfy

oK K\ _
,,Z;ak, o ,,Zak, -
forall m,n=1,..., p; m7n (AS)

Equation (A5) means that the variations of the reduced stiffness
matrix with respect to the refined-model stiffness parameters, in-
dexed respectively in disjoint sets D,, and D, (m ?( n), are inde-
pendent in the sense of being topologicallynonoverlapping. That is,
variationof a stiffness parameterk; in the refined model causes vari-
ation of parameters in the reduced model that are unaffected by any
other refined parameter. This establishes a unique correspondence
between the physical model parameters of the reduced and refined
models. This is important in situations where analyses performed on
the reduced model are used to suggest physical properties or design
changes for the refined model.

Proposition 1: Let K= PTKP be a model order reduction where
the refined stiffness matrix K has the submodeling property of Eq.
(2) with ¢ submodels Kj, ..., K, and where P = [©® | Y], ©
having the property of selectivity with respect to K and' ‘¥ hav-
ing the property of deselectivity with respect to K with index sets
Dy, ..., D,. The reduced stiffness matrix K is a block-diagonal
matrix:

K = bdiag(®'KO, ¥’ K'P) (A6)

where bdiag( ) is the block-diagonaloperator.
Proof: The reduced stiffness matrix K is given by

K = PTKP (A7)
Considering P = [® | V], Eq. (A7) becomes

P O'K® OTKY A8
_[‘PTKG) Y KY (A)

Let9€®f(j: 1,...,p)and I//E‘I’;thenwehave

W' KO = WT( Zk,»K,» + Zk,K,»)Q (A9)

Equations (A2) and (A3) imply that y’ KO = 0. Furthermore,
Y KO = 0" Ky, and so, we have 67 K y = 0. This implies that the
submatrices V7 K® and @7 KV are null matrices, demonstrating
the block diagonality of the matrix K. o

Proposition 2 shows a necessary and sufficient condition for the
first block of the reduced model K; = ® KO to have the property
of topological localization.

Proposition2: Let K = PTKP be amodel order reduction where
the refined stiffness matrix K has the submodeling property of Eq.
(2) with ¢ submodels K, . . ., K, and where P = [® | V], ®having
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the property of selectivity with respectto K and W' having the prop-
erty of deselectivity with respect to K with index sets Dy, ..., D,.
The property of topological localization is satisfied by the block
K, = OTKO if and only if the projection submatrix ® has the
property of selectivity.

Proof:

1) We first demonstrate that the selectivity property is sufficient
fortopologicallocalization.Let K; = ®T K@ be partof the reduced
model K = PTKP, where ® = [@!, ..., ®], with @’ ERA’xdf,
has the property of selectivity with respect to K:

ZK,»970 and ZK,»Q:O
forall j=1,...,p, forall 9€®j (A10)

We show that K | has the property of topologicallocalization,

For any index set D;, j = 1,..., p, the derivatives of K, are
given by
0K, 0
—= —(OTK® All
3% 3 (@ KO) (Al1)

@,Za%(zq:klm) ® (A12)

= GY"ZK'@ (A13)

To simplify the notations, define

B" =0T Z; K0 and o, = Zdl

where g, is a column index locating the last vector of the submatrix
@, @" ~RY¥x% inthe matrix ®.

Because of the selective property of ®, we have the following
property of the (ij)th element of B™:

Bi=0 forall m=1,...,p
if i or J<Gu_1 or iorj>ag, (Al4)

Ifwe canshowthat,form,n = 1,..., p withmzf n, B} B}, = 0for
alli = j, then we have demonstrated that K| sdtisfies the property
of toZ)logical localization.

Suppose there exists i, j such that B} Bj; # 0m,n=1,..., p;
m = n. This impliesthat B}; and B} bothare nonzeroterms: Bj; Z 0
and B, of 0. Accordingto Eq. (A14), these conditions are satistied
for i, j such that

O,_1 <1 and J <O and g,_; <i and J <o (A15)

Without loss of generality, we can choose m < n; we have G, «
a._1,andso,i, j « G,_jandi, j > G,_1, which is a contradictiom
Thenforallmm=1,..., p;m 711:

BB, =0 forall i j (A16)
which is equivalentto
B" oB"=0 (A17)

We have thus proven that selective sensitivity implies topological
localization.

2) We now demonstrate that the selectivity property of ® is a
necessary condition for topologicallocalization. Let K; = @ K®
be part of the reduced model K, where K| has the property of
topological localization:

(Z%) o(z%) =0

forall m,n=1,...,p; m7n (A18)

We will show that ® has the property of selectivity with respect
to K.

By definition of the matrices B”, Eq. (A18) is satisfied if and
only if B} Bj; = 0 for all i, j. In particular, this has to be true for
i=j:

BI'B! = (A19)

Eq. (A19) is satisfied by any of the three following configurations:

B!=0 B! 7’ 0
B! 7’ 0 B:=0 (A20)
B! = B:=0

Suppose that B}? 7’ 0, which means that there exists 6 EG):

or ZK,970

Then, from Eq. (A20), we necessarily have B!, = 0, that is,

QT,»ZKIBZ 0
"ZKIBZ 0
GT,»ZK'O

I

is a symmetric and nonnegative matrix. In other words, considering
a vector 0 €® not orthogonalto the columns of

2"

we have shown that 6 is orthogonal to the columns of

iZK,» (m 7’ n)

which is the definition of selectivity of a matrix. We thus have proven
that topological localization implies selective sensitivity. o

This property of topologicallocalizationmeans that if one param-
eter of the refined model is modified, then the physical parameters
of the reduced model that are affected by this change are easily
localized.

A direct consequence of proposition 2 concerns the relationship
existing between parameters of the refined model and the static re-
sponses of the reduced model. This relation is formulated in propo-
sition 3. N

Proposition3: Let K = PTKP beamodelorderreduction, where
the refined stiffness matrix K has the submodeling property of Eq.
(2) with ¢ submodels K, ..., K, and where P = [® | Y], ®
having the property of selectivity with respect to K and' ‘¥ hav-
ing the property of deselectivity with respect to K with index sets
D, ..., D,. We assume that each set D; (j = 1,..., p) corre-
sponds to a single, perhaps homogenized, stiffness parameter, and
that the static response y, of the refined model due to an excitation
f canberepresentedon P. Then this static response y, is related to
the stiffness parametersk; (j = 1, ..., p) through the equation

ys = ki N+ 32 (A21)

which implies
because

is a quadratic form where

with
1

’ ) T ) - .
yik =3 @f(@f K,@’) o' r| (a2
.z, ’ ,,:Z,
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and

1
W)= ‘P(‘PT Z kiKi\P) v (A23)
iéDj ..... P

where y5(k;, f)representsthe componentofthe staticdisplacement
that is an explicit and simple function of the stiffness parameters
kj(j=1,..., p)and y2(f) representsthe component of the static
displacement that is independent of the aforementioned stiffness
parameters.

Proof: The static response y, of the refined modelto an excitation
f satisfies

K= f (A24)
If we assume that y, can be representedon P, that is,
ys = Pz, (A25)
then by premultiplying Eq. (A24) by PT, we obtain
PTKPz, = PT f (A26)
or
Kz,=P'f (A27)

where P=[0O' , _@”1‘1’], each ®(j=1,..., p) containing lin-
early independent selective vectors to D; and ‘¥ containing linear-
ly independent deselective vectors to the union of all the index
sets D;(j=1,..., p), and K=bdiag®" KO',...,0" KO,
YT KWY).

K is a nonsingularmatrix because each of its blocks is a full rank
matrix. Then, Eq. (A27) can be written

= K-'PTf (A28)

where
1

~ 1
K-' = bdiag k—(@)lT ZK,»G)l) s
1 i

1

ki(G)pT Zw) (PR
P i

because of the selective properties of ® and the deselective proper-
ties of W with respectto K.

Taking into account Egs. (A25) and (A28), we finally obtain re-
lations (A21-A23), which explicitly relate the static response of the
refined model, due to an excitation f, to the stiffness parameters
ki(j=1,...,p). m|

The parameter property presented in proposition 3 is a conse-
quence of the topologicallocalization property, which is specific to
model order reduction by selective sensitivity.

The two preceding propositionshave established specific proper-
ties of model order reduction by selective sensitivity. The following
ones are more general and concern any reduction strategy based
on a full-rank linear transformation between the refined- and the
reduced-modeldisplacements, as defined in Egs. (A1) and (3).

Proposition4 shows in what sense the strain and kinetic energies
of the refined model are preserved by the reduced model.

Proposition 4: Given the model order reduction defined in Eq.
(3), let y be an N-dimensional displacement vector of the refined
model. If it can be exactly representedon the basis P, then the strain
and kinetic energies of the refined model for this displacement are
preserved in the reduced model.

Proof: The proposition assumes that there exists a vector z such
that y = Pz. The strain and kinetic energies of the refined model
for the response y, respectively, given by y” Ky and y My, also
can be written

y'Ky=zTPTKPz ="Kz (A29)

yIMy = zT PTMPz = 2" Mz (A30)

where z7 Kz and z” Mz are, respectively,the strain and kineticener-
gies of the reduced model for the response z, where z is the response
in the reduced model that is equivalent to the refined response y. O

Proposition 5 shows that a certain class of static displacement
vectors is preserved by the model reduction.

Proposition5: Giventhe model orderreductiondefined in Eq. (3),
let y,; be an N-dimensionalstatic displacement vector of the refined
model subjectto the force f. If y; can be exactly representedon the
basis P, then the static behavior of the refined model is preserved
in the reduced model.

Proof: Let f be the force that, when applied to the refined model,
leads to the displacement y;. It satisfies

Ky, = f (A3D)

Premultiplying by PT and assuming that y, = Pz,, Eq. (A31)
becomes

PTKPz, = PTf (A32)
or, using Eq. (3),
Kz, = P'f (A33)

where z, is the responseof the reduced model to the equivalent force
PTf. m

Proposition 6 shows that part of the spectrumof the refined model
is retained in the reduced model.

Proposition 6: Given the model order reduction defined in Eq.
(3), let y, be an N-dimensional eigenvector of the refined model. If
it can be represented exactly on P, then its associated eigenvalue is
preserved in the spectrum of the reduced model and its projection
is an eigenvector of the reduced model.

Proof: Let y, be an eigenvectorof the refined model that satisfies

(K _AM)y,=0 (A34)
and assume that y, = Pc,. Then Eq. (A34) is written
(K _AM)Pc,=0 (A35)

and by premultiplyingby PT,
(PTKP _AP"MP)c,=0 (A36)
Considering Eq. (3), this becomes
(K _db)ey=0 (A37)

The eigenvalue A, is preserved and the projection of y, on P is the
corresponding eigenvector of the reduced model, associated with
Av. O
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